We discuss generalizations of the notion of i) the group of unitary elements of a (real or complex) finite dimensional C * -algebra, ii) gauge transformations and iii) (real) automorphisms, in the framework of compact quantum group theory and spectral triples. The quantum analogue of these groups are defined as universal (initial) objects in some natural categories. After proving the existence of the universal objects, we discuss several examples that are of interest to physics, as they appear in the noncommutative geometry approach to particle physics: in particular, the C * -algebras M n (R), M n (C) and M n (H), describing the finite noncommutative space of the Einstein-Yang-Mills systems, and the algebras A F = C⊕H⊕M 3 (C) and
Introduction
In the approach to particle physics from noncommutative geometry [13, 11] , the dynamics of a theory is obtained from the asymptotic expansion of the spectral action associated to an almost commutative spectral triple (A ∞ , H, D, J), i.e. a product of the canonical spectral triple of a spin manifold and a finite-dimensional one (see e.g. [17] and references therein). A fundamental role is played by the group U (A ∞ ) of unitary elements of the algebra, whose adjoint representation u → uJuJ −1 on H gives the group
of inner fluctuations of the real spectral triple [17, Sec. 10.8] , also called "gauge group" of the spectral triple, for its relation with the gauge group of physics [21] . For example, in the EinsteinYang-Mills system, the finite-dimensional spectral triple describing the internal noncommutative space is built from the algebra A I = M n (C), with Hilbert space H I = M n (C) carrying the left regular representation and real structure J I given by the hermitian conjugation; in this case U (A I ) = U (n) and G(A I , J I ) is the classical gauge group SU (n), modulo a finite group given by its center. In the more elaborated example of (the Euclidean version of) the Standard Model of Given the importance of the group of gauge transformations in physics, it is very natural, in the framework of noncommutative geometry, to look for compact quantum group analogues of this notion. In fact, the idea of using quantum group symmetries to understand the conceptual significance of the algebra A F is mentioned in a final remark by Connes in [15] . In [9] , an approach along this line was made, where the quantum isometry group (in the sense of [23, 8] ) of the finite part of the Standard Model was computed. It was shown that its coaction, once extended to the whole spectral triple on C ∞ (M) ⊗ A F , leaves invariant both the bosonic and fermionic part of the spectral action, thus providing us with genuine quantum symmetries of the Standard Model. In this article, we wish to continue the work in [9] by investigating the notion of quantum gauge symmetries which might be helpful in having a better understanding of the noncommutative geometry approach to particle physics. Since in many of the applications to physics, the relevant algebra is the product of a commutative one with a finite noncommutative one described by a finite-dimensional C * -algebra, we restrict our attention to finite-dimensional C * -algebras. On the other hand, we need to consider both complex and real C * -algebras, since in one of the main applications of spectral triples to physics -the Standard Model of elementary particles, the C * -algebra involved is real.
It is evident that in order to have a correct quantum analogue of (1.1), we first need to make sense of a compact quantum group version of the unitary group of a finite dimensional (possibly real) C * -algebra, and then use it to define the quantum gauge group. It is natural to wonder 2 Compact quantum groups and spectral triples
Some generalities on compact quantum groups
We begin by recalling the definition of compact quantum groups and their coactions from [38, 40] . We shall use most of the terminology of [33] , for example Woronowicz C * -subalgebra, Woronowicz C * -ideal, etc., however with the exception that Woronowicz C * -algebras will be called compact quantum groups, and we will not use the term compact quantum groups for the dual objects as done in [33] . Definition 2.1. A compact quantum group (to be denoted by CQG from now on) is a pair (Q, ∆) given by a complex unital C * -algebra Q and a unital C * -homomorphism ∆ : Q → Q ⊗ Q such that i) ∆ is coassociative, i.e.
(∆ ⊗ id) • ∆ = (id ⊗ ∆) • ∆ as equality of maps Q → Q ⊗ Q ⊗ Q;
ii) Span (a ⊗ 1 Q )∆(b) a, b ∈ Q and Span (1 Q ⊗ a)∆(b) a, b ∈ Q are norm-dense in Q ⊗ Q.
For Q = C(G), where G is a compact topological group, conditions i) and ii) correspond to the associativity and the cancellation property of the product in G, respectively.
Definition 2.2. A unitary corepresentation of a compact quantum group (Q, ∆) on a Hilbert space H is a unitary element U ∈ M(K(H) ⊗ Q) satisfying
(id ⊗ ∆)U = U (12) U (13) ,
where we use the standard leg numbering notation (see e.g. [25] ). The corepresentation U is faithful if there is no proper C * -subalgebra Q ′ of Q such that U ∈ M(K(H) ⊗ Q ′ ).
If Q = C(G), U corresponds to a strongly continuous unitary representation of G. For any compact quantum group Q (see [38, 40] ), there always exists a canonical dense * -subalgebra Q 0 ⊂ Q which is spanned by the matrix coefficients of the finite dimensional unitary corepresentations of Q and two maps ǫ : Q 0 → C (counit) and κ : Q 0 → Q 0 (antipode) which make Q 0 a Hopf * -algebra. Definition 2.3. A Woronowicz C * -ideal of a CQG (Q, ∆) is a C * -ideal I of Q such that ∆(I) ⊂ ker(π I ⊗ π I ), where π I : Q → Q/I is the quotient map. The quotient Q/I is a CQG with the induced coproduct.
If Q = C(G) are continuous functions on a compact topological group G, closed subgroups of G correspond to the quotients of Q by its Woronowicz C * -ideals. While quotients Q/I give "compact quantum subgroups", C * -subalgebras Q ′ ⊂ Q such that ∆(Q ′ ) ⊂ Q ′ ⊗ Q ′ describe "quotient quantum groups". Definition 2. 4 . We say that a CQG (Q, ∆) coacts on a unital C * -algebra A if there is a unital C * -homomorphism (called a coaction) α : A → A ⊗ Q such that: i) (α ⊗ id)α = (id ⊗ ∆)α, ii) Span α(a)(1 A ⊗ b) a ∈ A, b ∈ Q is norm-dense in A ⊗ Q.
The coaction is faithful if any CQG Q ′ ⊂ Q coacting on A coincides with Q.
It is well known (cf. [26, 34] ) that condition (ii) in Def. 2.4 is equivalent to the existence of a norm-dense unital * -subalgebra A 0 of A such that the map α, restricted to A 0 , gives a coaction of the Hopf algebra Q 0 , that is to say: α(A 0 ) ⊂ A 0 ⊗ alg Q 0 and (id ⊗ ǫ)α = id on A 0 .
For later use, let us now recall the concept of certain universal CQGs defined in [32, 35] and references therein.
Definition 2.5. For a fixed n × n positive invertible matrix R, A u (n, R) is the universal C * -algebra generated by {u ij , i, j = 1, . . . , n} such that
where u := ((u ij )), u * := ((u * ji )) and u := (u * ) t . It is equipped with the 'matrix' coproduct ∆ given on the generators by
Note that u is a unitary corepresentation of A u (n, R) on C n . The A u (n, R)'s are universal in the sense that every compact matrix quantum group (i.e. every CQG generated by the matrix entries of a finite-dimensional unitary corepresentation) is a quantum subgroup of A u (n, R) for some R > 0, n > 0 [35] ; in particular, the well-known quantum unitary group SU q (n) is a quantum subgroup of some A u (n, R) (cf. Sec. 2.2). It may also be noted that A u (n, R) is the universal object in the category of CQGs which admit a unitary corepresentation on C n such that the adjoint coaction on the finite-dimensional C * -algebra M n (C) preserves the functional M n (C) ∋ m → Tr(R t m) (see [36] ).
More generally, for any invertible matrix F, an analogous construction can be done.
is defined as the universal C * -algebra generated by u = {u ij , i, j = 1, . . . , n} with the condition that both u and u ′ = F uF −1 are unitary; equipped with the standard 'matrix' coproduct. A quantum subgroup of A u (n, F ), denoted by A o (n, F ), is defined by the additional relation u = u ′ .
One immediately realizes that u ′ u ′ * = F u(F * F ) −1 u t F * = I n if and only if RuR −1 u t = I n and u ′ * u ′ = (F * ) −1 u t F * F uF −1 = I n if and only if u t RuR −1 = I n , where R = F * F . Thus A u (n, F ) actually depend only on the modulus of F and is isomorphic to A u (n, R) for R = F * F . Thus, A o (n, F ) is also a quantum subgroup of A u (n, R) for R = F * F .
Since we will need both the quantum groups mentioned above, for clarity, we will use the symbol A u (n, F ) or A o (n, F ) when F need not be a positive matrix and use R when it is positive.
It is proved in [35] that A o (n, F ) can always be decomposed as
; thus up to a iterated free product, in Definition 2.6 one can assume F F ∈ CI n . Note also that concerning the notation for free quantum orthogonal groups, we follow here that of [1] , which corresponds to B u (Q) in [35] for Q = F * . We refer to [35] for a detailed discussion on the structure and classification of such quantum groups.
We remark that the CQGs A u (n) := A u (n, I n ) and A o (n) := A o (n, I n ) are called the free quantum unitary group and free quantum orthogonal group, respectively, as their quotient by the commutator ideal is respectively C(U (n)) and C(O(n)).
Remark 2.7. Let n = 2m be even and F = σ 2 ⊗ I m , where we identify M 2m (C) with M 2 (C) ⊗ M m (C) and
is the second Pauli matrix. In this case, the CQG A o (2m, F ) will be denoted A sp (m) and it is a free version of the symplectic group Sp(m) (the group of unitary elements of M m (H)), that can be obtained as the quotient of A sp (m) by the commutator subalgebra (cf. Sec. 3.2). We will see in Sec. 3.2 that A sp (m) is the quantum unitary group of M m (H). The identification of A sp (m) with A o (2m, F ) for a special F was pointed out to us by T. Banica.
A matrix B (with entries in a unital * -algebra B) such that both B and B t are unitary is called a biunitary [7] . We will also need the following class of CQGs: Definition 2.8. For a fixed n, we call A * u (n) the universal unital C * -algebra generated by an n × n biunitary u = ((u ij )) with relations
We will call A * u (n) the N -dimensional half-liberated unitary group. This is similar to the half-liberated orthogonal group A * o (n), that can be obtained by imposing the further relation a = a * for all a ∈ {u ij , i, j, = 1, . . . , n} (cf. [7] ).
The analogue of projective unitary groups was introduced in [2] (see also Sec. 3 of [7] ). Let us recall the definition. Definition 2.9. Let Q be a CQG which is generated by the matrix elements of a unitary corepresentation U . The projective version P Q of Q is the Woronowicz C * -subalgebra of Q generated by the entries of U ⊗ U(cf. section 3 of [7] ). In particular, P A u (n) is the C * -subalgebra of A u (n) generated by {u ij (u kl ) * : i, j, k, l = 1, . . . , n}.
In [34] , Wang defines the quantum automorphism group of M n (C), denoted by A aut (M n (C)) to be the universal object in the category of CQGs with a coaction on M n (C) preserving the trace (and with morphisms given by CQGs homomorphisms intertwining the coactions). The explicit definition is in Theorem 4.1 of [34] . We conclude this section by the following proposition stating Theorem 1(iv) from [2] (cf. also Prop. 3.1(3) of [7] ) and a very special case (namely, q = 1) of Theorem 1.1 from [28] together.
Relation between free unitary groups and SU q (n)
In this section, we discuss the relation between the quantum unitary groups A u (n, R) and the quantum groups SU q (n) of [22, 31, 39] .
For 0 < q ≤ 1, we recall the definition of SU q (n) following the notations of [24, Sec. 9.2] , except the fact that we will use u ij instead of u i j to denote the matrix element of u on the row i and column j. The CQG is generated by the matrix elements of an n-dimensional corepresentation u = (u ij ), i, j = 1, . . . , n, with commutation relations
and with determinant relation
where the sum is over all permutations p of the set {1, 2, . . . , n} and ||p|| is the number of inversions in p. The * -structure is given by
with {k 1 , . . . , k n−1 } = {1, . . . , n} {i}, {l 1 , . . . , l n−1 } = {1, . . . , n} {j} (as ordered sets) and the sum is over all permutations p of the set {l 1 , . . . , l n−1 }. From the defining relations, one derives the following 'orthogonality' relations between rows resp. columns of u. For all a, b = 1, . . . , n we have: 
, defined in page 313 of [24] related to the real structure of SU q (n) by the formula u * = S(u) =ũ t (cf. Sec. 9.2.4 of [24] , case 2). Now, equation (2. 3) in matrix form is simply the unitarity condition uu * = u * u = I n . On the other hand, if we call
and (2.4) is equivalent to the conditions u t (RuR −1 ) = (RuR −1 )u t = I n . This proves that SU q (n) is a quantum subgroup of the free unitary group A u (n, R), for R as in (2.5). Clearly R is not unique, for example one can multiply R for a constant, or replace R with R −1 (SU q (n) and SU q −1 (n) are isomorphic, for any q ∈ R + ). For n = 2, ϕ R is the well known Powers state of M 2 (C) [28, eq. (1)]. In fact, this case was already dealt with in Rem 1.31 [30] , where it was proved that SU q (2) is isomorphic to A o (2, F ) for
, where K 2ρ is the element of the dual Hopf * -algebra U q (su(n)) implementing the modular automorphism (cf. eq. (3.2) of [18] ) and π is the fundamental representation described in [18, eq. 
Generalities on real C * -algebras
We need to recall some basic facts about real C * -algebras, which we are going to need throughout the article. For more details on real C * -algebras, we refer the reader to [27] and [20] .
Definition 2.11. A real Banach algebra is a real algebra A, equipped with a norm · , which makes it a real Banach space, and satisfying the condition x · y ≤ x y . If the algebra is unital, with unit 1 ∈ A, one also requires 1 = 1. A unital real C * -algebra A is an unital real Banach * -algebra (i.e. a real Banach algebra, which is simultaneously a real * -algebra), such that for any x ∈ A: i) x * x = x 2 and ii) 1 + x * x is invertible in A.
The following result characterizes all finite dimensional real C * -algebras.
For a real C * -algebra A, the * -algebra A C = A ⊗ R C is a complex C * -algebra, known as the complexification of A. Moreover, A is the fixed point algebra of the antilinear automorphism σ on
Note that σ commutes with the involution on A C , given by (a ⊗ R z) * = a * ⊗ R z. Throughout this article, the symbol σ will stand for this antilinear automorphism.
The following result recalls the complexifications and the formulas of σ for the finite dimensional C * -algebras M n (R), M n (C) and M n (H). Proposition 2.13. Let A := M n (k), and A C := A ⊗ R C. Then:
σ 2 is the matrix (2.1).
Real spectral triples
In noncommutative geometry, compact Riemannian spin manifolds are replaced by real spectral triples. Recall that a unital spectral triple (A ∞ , H, D) is the datum of: a Hilbert space H, a unital associative involutive algebra A ∞ with a faithful unital * -representation π : A → B(H) (the representation symbol is usually omitted) and a (not-necessarily bounded) self-adjoint operator D on H with compact resolvent and having bounded commutators with all a ∈ A ∞ , see e.g. [14, 16] . A spectral triple is even if there is a Z 2 -grading γ on H commuting with A ∞ and anticommuting with D; we will set γ = 1 when the spectral triple is odd. A spectral triple is real if there is an antilinear isometry J : H → H, called the real structure, such that 6) and [a,
for all a, b ∈ A ∞ 1 . ǫ, ǫ ′ and ǫ ′′ are signs and determine the KO-dimension of the space [14] .
A canonical commutative example is given by (C ∞ (M ), L 2 (M, S), D / ) -where C ∞ (M) are complex-valued smooth functions on a closed Riemannian spin manifold, L 2 (M, S) is the Hilbert space of square integrable spinors and D / is the Dirac operator. This spectral triple is even if M is even-dimensional. In fact, from any commutative real spectral triple it is possible to reconstruct a closed Riemannian spin manifold. We refer to [16] for the exact statement.
While we always tacitly assume that H is a complex Hilbert space, we allow the possibility that A ∞ is a real * -algebra. Note that to any real spectral triple (A ∞ , H, D, γ, J) over a real * -algebra A ∞ , we can associate a real spectral triple (B ∞ , H, D, γ, J) over a complex * -algebra B ∞ , as shown in Lemma 3.1 of [9] . We let B ∞ be the quotient A ∞ C / ker π C , where A ∞ C ≃ A ∞ ⊗ R C is the complexification of A ∞ , with conjugation defined by (a ⊗ R z) * = a * ⊗ R z for a ∈ A ∞ and z ∈ C, and π C :
It was observed in [9] that ker π C may be nontrivial since the representation π C is not always faithful. For example, if A ∞ is itself a complex * -algebra (every complex * -algebra is also a real * -algebra) and π is complex linear, then for any a ∈ A ∞ the element a
We close this section with a remark. While usually A ∞ is only a pre-C * -algebra for the operator norm, in the finite-dimensional case it is a C * -algebra, and to make this fact more evident it will be denoted by A, without the ∞ supscript.
3 Quantum unitary group of a finite-dimensional C * -algebra 3.1 The case of complex C * -algebras
Let A be a finite-dimensional complex C * -algebra, that is,
for some positive integers m and n i . For a = a 1 ⊕ . . . ⊕ a m ∈ A, we denote by Tr the trace map:
Any faithful state of A is of the form Tr(R · ) for some positive invertible operator R := ⊕ i R i ∈ A with normalization Tr(R) = 1, called the density matrix of the state. Since in the following, the normalization of R is irrelevant, in the particular case when R = 1 Tr(I) I is a scalar multiple of the identity, one can equivalently use the map Tr( · ). Let π R : A → B(L 2 (A, Tr(R · )) be the GNS representation of a finite dimensional complex C * -algebra A with respect to the faithful state Tr(R · ) as above. We define the functional
The above functional is well defined since the GNS representation of a C * -algebra with respect to a faithful state is faithful. Throughout this article, the symbol ϕ R will stand for this functional. We start by stating the following Lemma, which gives a characterization of the unitary group of a finite dimensional complex C * -algebra.
Lemma 3.1. Let A be a finite dimensional complex C * -algebra, viewed as a subalgebra of B(L 2 (A, Tr)) via the GNS representation π, and denote by π U = π| U (A) its restriction to the group U (A) of unitary elements of A. Then (U (A), π U ) is the universal (final) object in the category whose objects are pairs (G,π), with G a compact group andπ a unitary representation of G on L 2 (A, Tr) satisfyingπ(g) ∈ A for all a ∈ A, and whose morphisms are continuous group homomorphisms intertwining the representations.
Proof. Clearly (U (A), π U ) is an object in the category (as a linear space L 2 (A, Tr) ≃ A since the normalized trace is a faithful state, and then π is a faithful representation). Moreover, if (G,π) is any object in the category, since π U is faithful there exists a unique morphism φ : G → U (A) intertwining the representations, which is defined by
This shows the universality of (U (A), π U ).
We define a notion of quantum family of unitaries by taking a suitable noncommutative analogue of this characterization. Notice that while U (A) is a final object in the category described above, since the functor C is contravariant, the C * -algebra C(U (A)) is a initial object in the dual category.
Definition 3.2. Let A be a finite-dimensional complex C * -algebra, R ∈ A a positive invertible operator, ϕ R as in (3.2), and let π R : A → B L 2 (A, ϕ R ) be the associated GNS representation. We denote by C u (A, R) the category whose objects are pairs (Q, U ), with Q a unital C * -algebra and U a unitary element in π R (A) ⊗ Q such that:
We call C u (A, R) the category of quantum families of R-unitaries of A.
Remark 3.3. Notice that condition (i) is equivalent to the condition that U not only preserves the inner product a, b R = ϕ R (a * b) of the GNS representation (that follows from U * U = 1), but also the sesquilinear form (a, b) R = ϕ R (ab * ). If we consider the subcategory whose objects (Q, U ) are compact matrix quantum groups, condition (ii) can be derived from (i) using the properties of the antipode.
To start with, we will prove that the universal (initial) object in the category C u (M n (C), R) exists and is in fact A u (n, R t ). Using this result we will prove that for any finite-dimensional complex C * -algebra A, C u (A, R) has a universal object which is in fact a CQG. We will call this CQG the quantum R-unitary group of A and denote it by the symbol Q u (A, R).
Proposition 3.4. The universal object in the category C u (M n (C), R) exists and it is isomorphic to (A u (n, R t ), U n ), where U n is the faithful unitary corepresentation defined by
is an isometry. Here, the inner product on C n is the standard one, and {e i } n i=1 is the canonical orthonormal basis of C n . Moreover, we have
so that a matrix a ∈ M n (C) acts simply by row-by-column multiplication on the first factor C n .
Thus, for any object (Q, V ) in C u (A, R), V is of the form
with v ij ∈ Q, and unitarity of V is equivalent to unitarity of the matrix v ∈ M n (Q). Since ϕ R (e ij ) = R ji and
This proves that v = (v ij ) generate a quantum subgroup of A u (n, R t ). It is clear from the above discussions that:
, with U n as in (3.3) (note that U n is a unitary corepresentation of A u (n, R t ), and it is clearly faithful);
2. there is a unique C * -homomorphism φ :
This proves universality of (A u (n, R t ), U n ).
We now extend this result to arbitrary finite-dimensional complex C * -algebra. .3). Then the universal object (Q u (A, R), U ) in the category C u (A, R) exists and is given by
where " * m k=1 " is the free product and U is a faithful unitary corepresentation of
is an object of C u (A, R), and the corepresentation U is clearly faithful.
Let
, where Q k is the C * -algebra generated by the matrix entries of
. By universality of the free product, there is a unique morphism
that restricted to the k-th factor gives φ k , and this is the unique C * -homomorphism from * m k=1 A u (n k , R t k ) to Q that intertwines the corepresentations U and V . This proves that the
The case of real C * -algebras
In this section, we introduce the notion of quantum families of unitaries of a finite dimensional real C * -algebra by relating it to the quantum families of unitaries of its complexification. As before, we start with an easy characterization of the group of unitaries for a finite dimensional real C * -algebra. We identify a real C * -algebra A with the fixed point subalgebra of its complexification A C for a canonical involutive antilinear automorphism σ. This in particular means that
is a compact subgroup, we have G ⊂ U (A) if and only if σ(u) = u for all u ∈ G. This can be rephrased in the dual language of corepresentations, using the following observation.
Proposition 3.6. Let A and σ be as above. Let T be an element in A C ⊗ C(G), where G is a compact group. Then (id⊗ϕ)T belongs to A for any state ϕ on C(G) if and only if T = (σ ⊗ * )T.
Proof. Since states separates points of a C * -algebra, T = (σ ⊗ * )T if and only if (id ⊗ ϕ)T = (id ⊗ ϕ)(σ ⊗ * )T = σ(id ⊗ ϕ)T for all states ϕ, where in the second equality we used ϕ• * = * •ϕ, antilinearity of σ and identify A C ⊗ C with A C . This is equivalent to (id ⊗ φ)T ∈ A.
Inspired by this observation, we want to define a category of quantum families of unitaries of A. A first idea is to define such a category as the subcategory of C u (A C , R) whose objects (Q, U ) satisfy the additional condition (σ ⊗ * )(U ) = U . we define the category of quantum family of unitaries of a finite-dimensional real C * -algebra and prove the existence of the universal object. Finally, In Sec. 3.2.3, we compute the universal object first for matrix algebras and then, using Prop. 2.12, for any finite-dimensional real C * -algebra.
A preliminary study
We want to explain that if we adopt (3.5), we can get only Kac type examples as quantum unitary group. As a first observation, we notice that (3.5) implies that Ad U preserves the usual trace. In fact, a more general statement is proved in the next lemma.
Here and in the following, we identify A C with the C * -subalgebra A C ⊗ 1 Q ⊂ A C ⊗ Q. Moreover, for an element T ∈ A C , we write T instead of T ⊗ 1 to simplify notations.
Lemma 3.7. Let A be a finite-dimensional real C * -algebra, F ∈ A C an invertible element and
Let R = σ(F * F ). Then, ϕ R is preserved by Ad U and ϕ R −1 is preserved by Ad U * . In particular, taking F = 1, we deduce that the usual trace is preserved.
Using these, we get:
where we have used the unitarity of U . Therefore, ϕ R is preserved by Ad U . Similarly one shows that ϕ R −1 is preserved by Ad U * .
If a CQG has a unitary corepresentation on C n such that its adjoint coaction on M n (C) preserves the trace, then it is a quotient of A u (n), that is known to be a Kac algebra (i.e. the square of the antipode is the identity). Therefore, in order to obtain non-Kac algebras, we need to relax this condition. Notice that the above phenomenon is a purely quantum phenomenon, since a unitary group action always preserves the trace. In fact, one can show that:
and R = k R k ∈ A C be a positive invertible operator such that each R k has distinct eigenvalues. Consider the subcategory of C u (A C , R) whose objects (Q, U ) satisfy the additional condition (3.5). Then, any CQG in this category with a faithful corepresentation is a quotient of a free product * n k=1 C(U (1)).
Proof. Let (Q, U ) be an object of C u (A C , R) with Q a CQG and a faithful corepresentation U satisfying condition (3.5). Let
By using the proof of Theorem 3.5, we deduce that Q is a quotient of 
Since R t k is diagonal with distinct entries, U k commutes with R t k if and only if it is diagonal too. Thus U k = diag(u 1 , u 2 , . . . , u n ), where each u i generates a copy of C(U (1)). This proves that Q is a quotient of * n k=1 C(U (1)).
The previous proposition applies, for example, to R as in (2.5), when q = 1. Moreover, applying this result to the real C * -algebra A = H with R ∈ A C = M 2 (C) the density matrix of the Powers state, we have:
Consider the subcategory of C u (M 2 (C), R) whose objects (Q, U ) satisfy the additional condition (3.5), with σ(m) = σ 2 mσ 2 as in Prop. 2.13, with n = 1. Then any CQG in this category is a quotient of C(U (1)).
The classical group of unitary elements of the real C * -algebra H is SU (2). Thus, for the above choice of R, the CQG that we get is neither a deformation of the classical unitary group nor does it contain a deformation of it. Thus the condition (3.5) is evidently too restrictive. However, we get a much better result if we change it slightly.
Consider the subcategory of C u (M 2 (C), R) whose objects (Q, U ) satisfy the additional condition:
with σ as in Prop. 2.13 (with n = 1). The universal object in this category is SU q (2), for any 0 < q ≤ 1. Taking q = 1, we recover the fact that the classical unitary group is SU (2).
Proof. If (Q, U ) is an object in the above-mentioned category, U = (u ij ) ∈ M 2 (Q), from (3.5) we get:
By Theorem 3.5, U satisfies the relations of A u (2, R). It is an easy computation to check that these relations are satisfied if and only if a, c satisfy the defining relations of SU q (2), in the notations of [24, Sec. 4.1.4]. The remaining conditions U t (RU R −1 ) = (RU R −1 )U t = I 2 are automatically satisfied. It follows from the above discussion that SU q (2) -with generators denoted a ′ , c ′ -is an object in the category, and there is a unique C * -homomorphism from SU q (2) to Q intertwining the corepresentation, given by a ′ → a and c ′ → c. This proves universality.
Definition and existence of quantum unitary group of real C * -algebras
Based on the observations made in the last section, we modify (3.5) to define the quantum family of unitaries of a finite dimensional real C * -algebra. In particular the condition (3.8) is just (3.6).
Definition 3.11. Let A be a finite-dimensional real C * -algebra, F ∈ A C an invertible element and let π : A C → B L 2 (A C , ϕ σ(F * F ) ) be the GNS representation. We denote by C u,R (A, F ) the category whose objects (Q, U ) are given by a (complex) unital C * -algebra Q and a unitary element U ∈ π(A C ) ⊗ Q such that:
We call C u,R (A, F ) the category of quantum families of F -unitaries of A.
The condition (3.8) is inspired by (3.7) (where F = R
The next lemma will be needed later to prove that if the universal object in C u,R (A, F ) exists, then it is a CQG.
Lemma 3.13. If Q is any CQG with a corepresentation U ∈ A C ⊗ Q, the ideal I F generated by the relation (3.8) is a Woronowicz C * -ideal.
Proof. In this proof, we write explicitly F ⊗ 1 for the element in A C ⊗ Q (instead of F , with the usual identification of A C with its image in A C ⊗ Q) to make the proof more transparent. Let
The ideal I is generated by
Let π I : Q → Q/I be the quotient map. We need to prove that
is zero for all ϕ. Hence, it is enough to prove that (id ⊗ π I ⊗ π I )(id ⊗ ∆)(T ) = 0. We have
Moreover, we notice that
Since id ⊗ π I ⊗ π I is a C * -algebra morphism, it is enough to prove that the elements (σ ⊗ * ⊗ * )(U (12) ) − (F −1 ⊗ 1)U (F ⊗ 1) (12) and (σ ⊗ * ⊗ * )(U (13) ) − (F −1 ⊗ 1)U (F ⊗ 1) (13) are in the kernel of id ⊗ π I ⊗ π I (if a − b and c − d are in the kernel of a morphism, then
is in the kernel too). But this follows easily from (3.8). Indeed, we have:
The other equality for (σ ⊗ * ⊗ * )(U (13) ) follows similarly. This concludes the proof.
Theorem 3.14. The universal object of C u,R (A, F ), denoted by Q u,R (A, F ), exists and is the CQG given by Q u (A C , R)/I F , with σ(R) = F * F and I F the Woronowicz C * -ideal generated by the relation (3.8).
Proof. Clearly Q u (A C , R)/I F is an object in the category C u,R (A, F ). On the other hand, by Lemma 3.12, every object in
, contradicting the uniqueness of φ. This proves that Q u (A C , R)/I F is the universal object in C u,R (A, F ), which is a CQG due to Lemma 3.13.
Examples
In Prop. 3.10 we proved that when R is the density matrix of the Powers state, Q u,R (H, R 1 2 ) is the quantum group SU q (2). Let us extend the computation to M n (R), M n (C) and M n (H).
Conjugating the second equation we see that
Thus Q is generated by the matrix entries v ij of u 2 with the condition that
and that u 2 ∈ M n (Q) commutes with H. The operator U is unitary if and only if both u 2 and K u 2 K −1 are unitary, i.e. by Def. 2.6 the elements v ij satisfy the defining relations of A u (n, R),
It is clear from the above discussion that A u (n, R)/I H , where I H is the ideal generated by the relation uH = Hu and u = (u ij ) the canonical generators, is an object in the above category.
Moreover, there is a unique C * -homorphism A u (n, R)/I H → Q intertwining the corepresentations, given by u ij → v ij . This proves that the object A u (n, R)/I H is universal.
Notice that in previous proposition we consider the most general invertible F ∈ M n (C) ⊕ M n (C), that without loss of generality can be written as F = K ⊕ HK −1 .
) is the free quantum orthogonal group A o (n) and Q u,R (M k (H), I) is the free quantum symplectic group A sp (k).
Proof. The involutions σ for M n (R) and M k (H) are given in Prop. 2.13. M n (R) and M k (H) are respectively the fixed point real subalgebras of M n (C) and M 2k (C) for the automorphism σ defined by σ(a) = K aK * , where K = I n for M n (C) and K = σ 2 ⊗ I k for M k (H). Here, as usual, we identify M 2k (C) with M 2 (C) ⊗ M k (C). In both the cases, the condition (3.8) becomes U = (F K) −1 U (F K), using which the proposition follows easily.
Like the complex case, if we have a direct sum of algebras we get a free product of CQGs, that is
The proof is analogous to the one of Theorem 3.5, and we omit it. We conclude this section by identifying the quantum group of unitaries of the two algebras A F = C ⊕ H ⊕ M 3 (C) and A ev = H ⊕ H ⊕ M 4 (C) which appear in the noncommutative geometry formulation of the Standard Model.
Corollary 3.17. The quantum unitary groups of the real C * -algebras C ⊕ H ⊕ M 3 (C) and H ⊕ H ⊕ M 4 (C) are C(U (1)) * C(SU (2)) * A u (3) and C(SU (2)) * C(SU (2)) * A u (4), respectively.
Quantum gauge group of a finite-dimensional spectral triple
In this section we will define a quantum analogue of the gauge group (1.1). As explained in the introduction, for physical reasons, we are interested in the finite part of an almost commutative spectral triple: in this case (1.1) is the "global" gauge group of the theory. We will focus, then, on finite-dimensional (real) spectral triples (A, H, D, J). This means that H is a finite-dimensional Hilbert space and A a finite-dimensional (possibly real) C * -algebra. In the construction, the operator D is irrelevant and we will assume that, even when A is real, H is a complex Hilbert space (cf. Sec. 2.4).
We define the quantum gauge group using only quantum R-unitaries with R ∝ I. This is the most interesting case, since one gets the classical gauge group as a quantum subgroup. The construction can be adapted to the general case with minor modifications. Now we formulate a definition of the quantum gauge group for a finite-dimensional spectral triple over a real C * -algebra. The complex case is easier, and follows with some obvious changes in the proof. Throughout this section, we will use (2.6) and (2.7), sometimes without mentioning it.
As explained in Sec. 2.4, to any finite-dimensional real spectral triple (A, H, D, γ, J) over a real C * -algebra A, we can associate a finite-dimensional real spectral triple (B, H, D, γ, J) over the complex C * -algebra B := A C / ker π C , where π C is the * -representation (2.8).
We need some preliminary observations. Lemma 4.2.
1. Let us identify a ∈ A with a ⊗ R 1 in A C . Then:
2. For any a ∈ π C (A C ) we have:
3. Let U ∈ A ⊗ Q be a unitary corepresentation of a CQG Q on the Hilbert space H, say U = r k=1 a k ⊗ q k for some r ≥ 1, a k ∈ A and q k ∈ Q, for all k = 1, . . . , r. Then
where "bar" indicates the conjugated of a matrix in any fixed basis of H. To prove 3, we fix an orthonormal basis {e i } n i=1 of H, with n = dim C (H). We denote by e ij ∈ B(H) the operator defined by e ij e k = δ jk e i and define the "bar" of an operator by e ij = e ij , extended antilinearly to B(H). Thus a k = i,j c ij k e ij , for some c ij k ∈ C, and U = i,j e i,j ⊗ k c ij k q k . By definition, we have
This completes the proof of the lemma. 2. U π := (j ⊗ * )(U π ) is a unitary corepresentation of Q on H, where j(a) = JaJ * ∀ a ∈ B(H);
3. V = U π U π is a unitary corepresentation of Q on the Hilbert space H. Note that, more explicitly,
Proof. Unitarity of U π follows from the fact that π C is a unital * -representation and U is a unitary. Furthermore,
This proves that U π is a corepresentation.
To prove 2, we compute
proving that U π is a corepresentation.
To prove unitarity, let us fix a basis of H and denote by J 0 the unitary operator obtained by composing J with the componentwise conjugation in this basis, and by a as usual the "bar" of an a ∈ B(H) considered as a matrix in the chosen basis. Since, J 2 = ǫ1, ǫ = ±1, so J * = ǫJ and we have
where a ∈ B(H), v ∈ H, which proves that for a ∈ B(H), we have
Using this, it is easy to see that U π = ǫ(J 0 ⊗ 1)U π (J 0 ⊗ 1). Since, U is a biunitary, U π is a unitary implies that U π is unitary. Thus, U π is a product of three unitary operators and hence is a unitary. Now we prove 3. V is a product of two unitary operators and hence is a unitary. Moreover,
We notice that due to points 2 and 3 of Lemma 4.2, and also equation (4.4), U π (13) commutes with U π (12) . This proves that V is a corepresentation. 
We are going to use this equation in the next three subsections, where we compute the quantum gauge group for the Einstein-Yang-Mills system, the spectral triple on A ev = H ⊕ H ⊕ M 4 (C), and the finite noncommutative space of the Standard Model. Note that in the three above-mentioned examples we have ǫ = 1.
The Einstein Yang-Mills system
In this section, we consider the following five families of real spectral triples:
In the first case H = A and we think of A as a complex algebra, while in the last four H = A C and we think of M n (C) in (iv) and (v) as a real algebra (note that the representation is not complex linear in these cases). In all five cases the inner product is the Hilbert-Schmidt inner product a, b HS := Tr(a * b), the representation π is the restriction to A of the GNS representation of A C (resp. the GNS representation of A in the first case) associated to the trace. Note that in the cases (iv) and (v), the representation is
since we identify A = M n (C) with the real subalgebra of A C = M n (C) ⊕ M n (C) of elements of the form a ⊕ a. From now on, the representation symbol will be omitted.
Lemma 4.6. In the five cases above, the gauge group is G(A, J) = P U (n), P O(n), P Sp(n), P U (n), and U (n)/Z 2 , respectively.
Proof. The classical gauge group G(A, J) is the quotient of U (A) by the kernel of the adjoint representation u → uJuJ −1 on H. In the cases (i)-(iii): since uJuJ −1 a = uau * for all u ∈ U (A) and a ∈ H, uJuJ −1 = 1 if and only if uau * = a for all a ∈ H, that is ua = au; this implies u = λ1 with λ ∈ C, since M k (C) has trivial center. In case (iv),
for all u ∈ U (A) and a ⊕ b ∈ H, and uJuJ −1 = 1 if and only if uau * = a for all a ∈ M n (C) (the condition ubu t = b is equivalent to uau * = a with a = b), so that one reaches the same conclusion. Hence G(A, J) = U (A)/{U (A) ∩ U (1)} = P U (A) in the cases (i)-(iv). The case (v) is similar to case (iv), but instead of (4.6) one gets the condition
for all a, b ∈ M n (C) and u ∈ U (A) = U (n). The kernel of the adjoint representation is given by elements u ∈ U (n) such that ua = au for all a ∈ M n (C). For a = I n we get u = u, that is u ∈ O(n). The kernel is then the set of u ∈ O(n) such that ua = au for all a ∈ M n (C). Since the center of M n (C) is trivial, we find u = λ1 with λ ∈ R. Unitarity gives λ = ±1. This proves that in case (v), G(A, J) = U (n)/Z 2 .
Let us explain the physical interest for the spectral triples above. The spectral triple in (i) is the finite part of the spectral triple studied for example in Sec. 11.4 of [17] , describing the geometry of a (Euclidean) SU (n) Yang-Mills theory minimally coupled to gravity. We remark that in Connes' approach, gauge fields are connections with coefficients in the Lie algebra g of the gauge group, and since in (i) the gauge group is P U (n) = SU (n)/Γ n , that has the same Lie algebra as SU (n), one speaks about SU (n) gauge theory. Here Γ n ≃ Z n is the group of n-th roots of unity.
Similarly, since P O(n) has the same Lie algebra of SO(n) and P Sp(n) has the same Lie algebra of Sp(n), with the spectral triples in (ii) and (iii) one can construct SO(n) and Sp(n) Yang-Mills theories, respectively, as one can see adapting the proof of [17, Prop. 1.157 ].
In the case (iv), H = M n (C) ⊕ M n (C) is doubled with respect to case (i), and while the first summand transforms according to the representation (u, a) → uau * of U (n), the second summand transforms according to the dual representation (u, b) → ubu t (cf. equation (4.6)), i.e. like a pair particle-antiparticle. One gets then a SU (n) Yang-Mills theory but with a sort of fermion-doubling phenomenon (the particle-antiparticle distinction is already present in the continuous part of the full spectral triple).
Finally, as explained in the proof of [17, Prop. 1.157], it is not possible to get quantum electrodynamics (a U (1) gauge theory) from the example (i), because for n = 1 the adjoint action has the whole group U (A) = U (1) in the kernel. The solution used in [21] to get a U (1) gauge theory is to use a two-point space, i.e. to "double" the spectral triple in (i), for n = 1. The spectral triple (A C , H, D, J) = (C 2 , C 2 , 0, J) considered in Sec. 3.3 of [21] is the "complexification" -in the sense we discussed in Sec. 2.4, cf. equation (2.8) -of our spectral triple (v) for n = 1. In [21] , the authors use the gauge group of the complexified spectral triple and prove that it is U (1), but we remark here that using the real spectral triple (v) one reaches the same result: for n = 1, G(A, J) = U (1)/Z 2 ≃ U (1). In general, for arbitrary n, since U (n)/Z 2 has the same Lie algebra as U (n), by applying the spectral action machinery one gets a U (n) Yang-Mills theory (minimally coupled to gravity).
We now compute the quantum gauge group of the spectral triples above. The computation is completely analogous to the one of the classical gauge group. We remark that a real structure similar to that of (v) will be used for the spectral triple on A ev , discussed in the next Sec. 4.2.
Proposition 4.7. In the cases (i)-(iii), the quantum gauge groupĜ(A, J) is the projective version of Q u,R (A); thusĜ(A, J) = P A u (n), P A o (n), P A sp (n), respectively. In case (iv),Ĝ(A, J) is generated by products u lm u * kj and u * li u kj , where u ij are the canonical generators of A u (n). In case (v),Ĝ(A, J) is generated by products u lm u kj . Note that both in case (iv) and (v), P A u (n) is a C * -subalgebra ofĜ(A, J).
Proof. Let us start with case (i): A = M n (C), H = M n (C) and J(a) = a * , that is J 0 (a) = a t . Let U = (u ij ) be the fundamental corepresentation of A u (n), e ij be the canonical basis of M n (C) and π the representation of A. Note that modulo the identification of π(A) with A, the corepresentation U π in Prop. 4.3 is U π = ij e ij ⊗ u ij . Therefore:
From this, it follows thatĜ(A, J) is generated by elements u li u * kj , i.e. it is P Q u,R (A) = P A u (n). In the cases (ii) and (iii) the proof is exactly the same, except that one gets P Q u,R (A) = P A o (n) and P Q u,R (A) = P A sp (n), respectively.
In the case (iv), if U = (u ij ) is the fundamental corepresentation of Q u,R (M n (C)) = A u (n), from the proof of Prop. 3.15 with F = I we see that U π = U ⊕ U , or explicitly
where e ij,r and e ij,2 are the canonical bases of the two copies of M n (C) in H. A computation similar to the one for cases (i)-(iii), but with J 0 (e ij,r ) = e ji,r , gives
ThusĜ(A, J) is generated by products u lm u * kj and u * li u kj . The case (v) is similar, except for J 0 (e ij,1 ) = e ji,2 and J 0 (e ij,2 ) = e ji,1 . The formula for U π is the same, but now due to a different real structure, instead of (4.7) we find:
Thus,Ĝ(A, J) is generated by products u li u kj and their adjoints. This concludes the proof.
The spectral triple on A ev
The spectral triple discussed in this section can be found in [12] . The data is the following. The Hilbert space is
The real structure is the map a ⊕ b → b * ⊕ a * , where * is the Hermitian conjugation. The algebra
by left multiplication. Here we identify H with the real subalgebra of M 2 (C) with elements
for α, β ∈ C, and we identify accordingly H ⊕ H with the corresponding real subalgebra of
For computational reasons, it is useful to rewrite the spectral triple as follows. The map e ij ⊕ 0 → e i ⊗ e j ⊗ e 1 and 0 ⊕ e ij → e i ⊗ e j ⊗ e 2 (with e i canonical orthonormal basis vectors) is an isometry between M 4 (C) ⊕ M 4 (C) and the Hilbert space H := C 4 ⊗ C 4 ⊗ C 2 ; the corresponding representation π of A ev on H is given by π(a, b) = a ⊗ I 4 ⊗ e 11 + b ⊗ I 4 ⊗ e 22 , where a ∈ H ⊕ H and b ∈ M 4 (C).
The complex linear span of π(A ev ) inside B(H) is the complex C * -algebra M 2 (C) ⊕ M 2 (C) ⊕ M 4 (C). The real structure becomes the antilinar operator J given by
where now * is the componentwise conjugation on C 4 resp. C 2 .
Since we are going to need the CQG Q u,R (A ev ) ∼ = C(SU (2)) * C(SU (2)) * A u (4), we fix the notation for its generators. The symbols (a ij ) i,j=1,2 and (a kl ) k,l=3,4 denote the canonical generators of the first and second copy of C(SU (2)). That is, the first resp. the second copy of C(SU (2)) is generated by the matrix elements of a biunitary matrix
resp. a 33 a 34 −a * 34 a *
33
, and a 21 = −a * 12 , a 22 = a * 11 , a 43 = −a * 34 , a 44 = a * 33 , gives the involution. For the generators of A u (4), we use the usual symbols (u ij ) 4 i,j=1 . We will denote the canonical basis of H C ∼ = M 2 (C) by the symbols F ij , i, j = 1, 2 while E ij,k , for i, j = 1, . . . , 4 and k = 1, 2, will denote the generators of the k-th copy of Tr) , respectively, are given by
Lemma 4.8. We have:
and
Proof. The isomorphism between the complex C * -algebras M 2 (C) and H ⊗ R C is determined by m → m ⊗ R 1 and im → m ⊗ R i for m ∈ H. The equations 4.9 can now be derived easily by observing that:
Similarly, the isomorphism between M 4 (C) ⊕ M 4 (C) and M 4 (C) ⊗ R C, is determined by (a ⊕ a) → a ⊗ R 1 and i(a ⊕ a) → a ⊗ R i. Under this isomorphism, a ⊕ 0 and 0 ⊕ a get mapped to 1 2 (a ⊗ R 1 − ia ⊗ R i) and 1 2 (a ⊗ 1 + ia ⊗ i), respectively. Using these facts, (4.10) follows easily.
We now compute the quantum gauge group. Proposition 4.9. The quantum gauge groupĜ(A ev , J) of the spectral triple above is the projective version of C(SU (2)) * C(SU (2)) * A u (4).
. Then, by using (4.9) and (4.10), we have,
In order to calculate (
Thus the only contributing terms are
A direct computation, using equations (4.10) and (4.9), yields:
e kl ⊗ e ij ⊗ e 11 ⊗ a kl u * ij ;
e ij ⊗ e kl ⊗ e 22 ⊗ u ij a * kl .
Hence we have,
e kl ⊗ e ij ⊗ e 11 ⊗ a kl u * ij
Thus the quantum gauge group of the spectral triple on A ev is generated by the elements {a kl u * ij : k, l = 1, 2 or 3, 4, i, j = 1, , , 4}. The proof will be completed, if we show that elements of the form a kl a * ij for i, j, k, l = 1, 2 or 3, 4 and u ij u * kl for i, j, k, l = 1, . . . , 4, belong to this CQG. This we show as follows. We note that since (u ij ) 4 i,j=1 generate A u (4), 
The finite-dimensional spectral triple of the Standard Model
For the spectral triple (A F , H F , D F , γ F , J F ) describing the internal space F of the Standard Model (cf. [17] and references therein) we will use the notations of [9] . In particular, the algebra A F and the Hilbert space H F are given by
The real structure J F is the composition of the componentwise complex conjugation on H F with the linear operator
and an element a = (λ, q, m) ∈ A F (with λ ∈ C, q ∈ H and m ∈ M 3 (C)) is represented by
where m is a 3 × 3 block. We will not need the grading and the Dirac operator. 
respectively. Proceeding as in the above-mentioned lemma, we can deduce that:
where {a 11 , a 12 } are the generators of C(SU (2)), as in previous section, z is the unitary generator of C(U (1)) and {u ij } 4 i,j=2 generate A u (3) .
. Then, using the equations (4.11a),(4.11b) and (4.11c), we have From equation (4.12) , the result follows by arguing as in Proposition 4.9.
5 Quantum automorphisms of real C * -algebras
The next observations is a simple restatement of Lemma 5.1 and 5.2 of [9] .
Lemma 5.1. Let G be the group of automorphism of a real C * -algebra A. Then C(G) is the universal object in the category of commutative CQGs Q with a coaction α :
In Sec. 5.1, we define the category of quantum automorphisms of a finite-dimensional real C * -algebra and prove the existence of a universal object. In Sec. 5.2, we compute the universal object for M n (R) and M n (H). In Sec. 5.3, we discuss quantum automorphisms and isometries of M n (C), thought of as a real algebra.
Definition and existence of the quantum automorphism group
Motivated by Lemma 5.1, we define quantum automorphisms of a finite-dimensional real C * -algebra as follows.
Definition 5.2. Let A be a finite-dimensional real C * -algebra. We denote by C aut,R (A) the category whose objects (Q, α) are pairs, with Q a CQG and α : A C → A C ⊗ Q a coaction on A C preserving the trace and such that Notice that the coinvariance of the trace is automatic in the commutative case, while in general it must be imposed as an additional condition (necessary to prove the existence of the universal object). Now we prove the existence of the quantum automorphism group for all finite dimensional real C * -algebras. We need a preliminary lemma.
Lemma 5.3. Let A be a finite dimensional real C * -algebra, Q a CQG and α : A C → A C ⊗ Q a coaction, and I the C * -ideal of Q generated by elements
with a ∈ A C and ϕ ∈ (A C ) * . Then I is a Woronowicz C * -ideal of Q.
Proof. Let a ∈ A C and
is zero for all ϕ. It is enough to prove that (id ⊗ π I ⊗ π I )(id ⊗ ∆)(T ) = 0. We have
where we used the fact that ∆ is a * -homomorphism (and α a coaction). Therefore, since
we get
This concludes the proof.
If A is a finite-dimensional complex C * -algebra, we denote by C aut (A) the category of CQGs with a coaction on A preserving the trace. It was proved in [34] that this category has a universal object, here denoted by A aut (A). Proof. By Lemma 5.3, A aut (A)/I is a CQG, and by construction it satisfies (5.1). Hence it is an object in C aut,R (A). Any object Q of C aut,R (A) is an object in C aut (A), hence there exists a unique C * -homomorphism φ : A aut (A) → Q intertwining the coactions. Since Q satisfies (5.1), φ has I in the kernel and then factorizes through a map A aut (A) → A aut (A)/I → Q, proving that A aut (A)/I is universal.
Quantum automorphisms of M n (R) and M n (H)
We will need the following lemma for the purpose of the computation of the quantum automorphism group. Lemma 5.5. Let Q be a C * -algebra, which is generated by elements a kl ij satisfying the equations (4.1-4.3) of [34] 
Proof. We use Prop. 5.4 to determine A aut,R (M n (R)). Let {a kl ij } n i,j,k,l=1 be the generators of the quantum automorphism group A aut (M n (C)), in the notation of Theorem 4.1 of [34] , with coaction α(e ij ) = kl e kl ⊗ a kl ij in the canonical basis e ij of M n (C). The additional condition (5.1) gives:
Thus, both a kl ij and b kl ij = (a kl ij ) * also satisfy equations (4.1-4.5) of [34] and so by Lemma 5.5, Q is commutative. Thus A aut,R (M n (R)) = C(G), where G is the automorphism group of M n (R), i.e. G = P O(n). Proposition 5.7. A aut,R (M n (H)) is isomorphic with C(P Sp(n)), where Sp(n) is the quaternionic unitary group.
Proof. Similarly to Prop. 5.6, let {a kl ij } 2n i,j,k,l=1 be the generators of the quantum automorphism group A aut (M 2n (C)), in the notation of Theorem 4.1 of [34] , with coaction α(e ij ) = kl e kl ⊗ a kl ij in the canonical basis e ij of M 2n (C). A aut,R (M n (H)) is the quotient of A aut (M 2n (C)) by the relation (5.1), where now σ is given by Prop. 2.13, point 3. This gives the relations
where for m ∈ N we setm := m + (−1) m+1 . We claim that A aut,R (M n (H)) is commutative C * -algebra. The proof of this claim is similar to the proof of Lemma 5. Now, since A aut,R (M n (H)) is commutative, it is isomorphic to C(G), with G the classical group of automorphism of M n (H). Though the fact that G ∼ = P Sp(n) is probably known, still we derive it for the sake of completeness. Let J 0 be the matrix −iσ 2 ⊗ I n . Then σ on M 2n (C), giving M n (H) is the transformation σ(a) = −J 0 aJ 0 . Every automorphism of M 2n (C) is inner, i.e. of the form a → uau * , where we can take u ∈ SU (2n). The fact that the action of G on M 2n (C) commutes with σ, gives J 0 uau t J 0 = uJ 0 aJ 0 u * for all a ∈ M 2n (C). On multiplying this expression by −uJ 0 from the right and u t J 0 from the left, we have
So u t J 0 uJ 0 must be central, i.e. u t J 0 uJ 0 = λI 2n . Now det(u t J 0 uJ 0 ) = 1, which implies that λ is a 2n-th root of unity. Since SU (2n) is invariant under multiplication by 2n-th root of unity, without loss of generality, we may suppose that u t J 0 uJ 0 = I 2n . This is equivalent to the condition that σ(u) = −u i.e. iu is a quaternionic unitary matrix (since σ(iu) = iu) and hence G = P Sp(n), where Sp(n) is the quaternionic unitary group.
Quantum symmetries of M n (C)
We need a preliminary lemma.
Lemma 5.8. Let γ denote the non-trivial generator of Z 2 , with action of γ on P U (n) induced by the map u → u on U (n). Then, the group of real automorphisms of M n (C) is the semidirect product P U (n) ⋊ Z 2 .
Proof. In this proof, we will identify a scalar λ ∈ C with the matrix λI n in M n (C). Let ϕ : M n (C) → M n (C) be an automorphism of real algebras. Then ϕ(ia) = ϕ(i)ϕ(a) for any a ∈ M n (C). ϕ(i) must be central, hence proportional to the identity, and satisfy ϕ(i) 2 = −1. Thus we have only two cases: ϕ(i) = i (and ϕ is complex linear) or ϕ(i) = −i (and ϕ is antilinear). Any antilinear automorphism is of the form a → ϕ(Ja), where Ja = a is a canonical antilinear automorphism and ϕ is complex linear. Any complex linear automorphism ϕ is inner, hence of the form ϕ u (a) = uau * with u ∈ U (n), and Jϕ u J = ϕ u . This induces an action of Z 2 on P U (n). The classical group of automorphisms is then P U (n) ⋊ Z 2 . Proposition 5.9. A aut,R (M n (C)) is isomorphic to C(P U (n) ⋊ Z 2 ).
Proof.
Recall that for A = M n (C), A C = M n (C) ⊕ M n (C) and σ(a, b) = (b, a).
Let {a kl ij,xy } n i,j,k,l=1 , x, y = 1, 2 be the generators of the quantum automorphism group Q = A aut (M n (C) ⊕ M n (C)), in the notation of Theorem 5.1 of [34] . Notice that for any fixed r, s, from equations (5. Since both a kl ij,11 and a kl ij,22 = (a kl ij,11 ) * satisfy the equations (4.1-4.3) of [34] , by Lemma 5.5, they generate a commutative C * -subalgebra Q 1 ⊂ Q. Similarly a kl ij,12 generate a commutative C * -subalgebra Q 2 ⊂ Q.
Note that a kl ij,22 = (a kl ij,11 ) * = a lk ji,11 and a kl ij,21 = (a kl ij,12 ) * = a lk ji,12 , thus a kl ij,11 and a kl ij,12 are a complete set of generators, and A aut,R (M n (C)) is a quotient of the free product Q 1 * Q 2 . With a kl ij := a kl ij,11 and b kl ij := a kl ij, 12 , from (5.1) of [34] we get This proves that a kl ij b rs pq = 0 for all the values of the labels. Repeating the same, but exchanging the role of a and b, we get b rs pq a kl ij = 0 too. Hence, as a C * -algebra Q = Q 1 ⊕ Q 2 is commutative. The CQG isomorphism Q ≃ C(P U (n) ⋊ Z 2 ) follows from Lemma 5.8.
We end this article by identifying some categories of "quantum symmetries" of M n (C), whose universal objects are the half liberated quantum unitary and orthogonal groups and the free quantum orthogonal group. Proposition 5.10. Consider the category of pairs (Q, U ), where Q has a unitary corepresentation U on C n so that the adjoint action extends to a quantum automorphism of the real C * -algebra M n (C). Then the universal object in this category exists and is isomorphic to A * u (n). Consider the subcategory consisting of pairs (Q, U ), such that U • J = (J ⊗ * ) • U, where J is componetwise conjugation on C n . Then, the universal object in this category exists and is isomorphic to A * o (n). Proof. Let U = n i,j=1 E ij ⊗ a ij , such that the adjoint action Ad U on the elementary matrices {E i,j } n i,j=1 is given by Ad U (E ij ) = n k,m=1 E km ⊗ a ki a * mj . Now we need to check the condition that Ad U extends to a quantum automorphism of the real C * -algebra M n (C). Letα be the extension of α to the complex C * -algebra M n (C) ⊕ M n (C) satisfyingα • σ(a) = (σ ⊗ * )α(a). For i, j = 1, 2, ..n, let E ij,1 and E ij,2 be the generators of the first and the second summand of M n (C) ⊕ M n (C). Thenα • σ(E ij,1 ) = (σ ⊗ * )α(E ij,1 ) implies thatα(E ij,2 ) = k,m E km,2 ⊗ a ki a * mj . Hence the condition thatα • σ(E ij,2 ) = (σ ⊗ * )α(E ij,2 ) is automatically satisfied. Thus the only new conditions which are satisfied by the elements a ij come from the fact thatα is a quantum automorphism on the second copy of M n (C) i.e. the elements a ki a * mj satisfy the relations (4.1) − (4.5) of [34] . Using the conditions U * U = U U * = U U t = U t U = I n , it is easy to see that the equations (4.3), (4.4) and (4.5) of [34] are automatically satisfied. However the equation (4.2) gives the condition v a sl a * rv a jv a * ik = δ jr a sl a * ik . Now proceeding exactly like Theorem 5.3 of [9] , we have a ij a * kl a mn = a mn a * kl a ij , for all i, j, k, l, m, n = 1, , , n. From this the the first statement follows.
For the second statement, we observe that the condition U • J = (J ⊗ * ) • U implies that a * ij = a ij . Proceeding similarly as above, we have a ij a kl a mn = a mn a kl a ij . This proves the second statement.
We recall now briefly the notion of quantum isometry group from [23] . This generalizes the notion of orientation preserving isometries of a closed Riemannian spin manifold to the framework of spectral triples and CQGs.
For a finite-dimensional odd spectral triple (A, H, 0, J), with Dirac operator D = 0, the definition is as follows [23] . As usual, we choose an orthonormal basis for H, and denote by J 0 the composition of J with the complex conjugation on the components of H. Definition 5.11. A pair (Q, U ) is a quantum family of "orientation and real structure preserving isometries" for (A, H, 0, J) if Q is a unital C * -algebra and U is a unitary element of B(H) ⊗ Q such that
The category with objects (Q, U ) as in Definition 5.11 and morphisms given by unital C * -algebra homomorphisms intertwining the corepresentations, has a universal object denoted by QISO + J (A, H, 0, J). It has a structure of a CQG and the associated unitary operator, say U 0 , is a faithful unitary corepresentation. The quantum isometry group QISO + J (A, H, 0, J) is the Woronowicz C * -subalgebra of QISO + J (A, H, 0, J) generated by the elements {(ϕ ⊗ id)Ad U 0 (a) : a ∈ A, ϕ ∈ A * }.
Proposition 5.12. Let J be the antilinear map on C n given by complex conjugation on the components. Then QISO + J (M n (C), C n , 0, J) = A o (n) and QISO + J (M n (C), C n , 0, J) = P A o (n) = A aut (M n (C)).
Proof. Let {e i } n i=1 be a basis of C n and U (e i ) = j e j ⊗ a ji , where a ji ∈ Q. Then the relation U J(e i ) = {(J ⊗ * )U }(e i ) implies that a ij = a * ij for all i, j = 1, 2, ...n. Thus the matrix u := ((a ji )) is a unitary and satisfies u = u implying that Q is a quantum subgroup of A o (n). This proves the proposition.
